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ABSTRACT. We are concerned with multiplicity and bifurcation results
for solutions of nonlinear second order differential equations with gen-
eral linear part and periodic boundary conditions. We impose asymp-
totic conditions on the nonlinearity and let the parameter vary. We
then proceed to establish a priori estimates and prove multiplicity results
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1. Introduction

We consider nonlinear second order differential equations with general linear
part and periodic boundary conditions

u’ +b(x)u + c(z)u + M+ g(z,u) = h(z) ae. in (0,27), )

w(0) — u(2mr) = u/(0) — u/(2m) = 0,
where the coefficients b, c € L'(0, 27r) with ¢ bounded from above; i.e., ¢(x) < cg
for a.e. z € (0,2m) for some (fixed) constant ¢y € R. The non-homogeneous
term h € L'(0,27), and the nonlinearity g : (0,27) x R — R (which may
be unbounded) is an L!(0,27)-Carathéodory function which is sublinear in u
at infinity (i.e., g(x,u) = o(|u]) as |u| = o), uniformly for a.e. 2 € (0,2m)
(see conditions (C1) and (C2) below). The (real) parameter A varies in some
neighborhood of A1, where A; € R is the principal eigenvalue (see below) of the
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second order linear periodic boundary value problem

—u" —b(x)u’ — c(x)u = I, a.e. on (0,2m), )
w(0) — u(2m) = u/(0) — u/(2m) = 0, @)
where A is a real spectral parameter.

Throughout this paper, we shall use standard notations for Lebesgue spaces
LP(0,27), Sobolev spaces WP (0, 27) (with W*:2(0,27) denoted by H*(0, 27)),
and spaces of continuous functions C* ([0, 2]), where k is a non-negative integer
and p € R with p > 1 (see e.g. [1, 6])).

It should be pointed out that all functions defined on (0, 27) are understood
to be appropriately extended to the entire real line as 2m-periodic functions
(possibly in a discontinuous fashion or in the a.e. sense if only Lebesgue mea-
surable, for e.g., so as to agree at 0 and 27, if need be). Also the period 27 is
used only as a placeholder for convenience, any fixed period 7' > 0 will work.

By a solution to Eq.(1) we mean a function u € Wx"(0,27) which satisfies
the first equation in (1) a.e., where

W' (0,27) := {u € W>1(0,27) : u(0) — u(27) = u/(0) — u/(27) = 0} .

(Observe that by the Fundamental Theorem of Calculus the space W21(0, 27)
is equivalent to AC([0, 27]); i.e., the collection of absolutely continuous u such
that «’ is also absolutely continuous on [0, 27], see e.g. [1].)

Periodic solutions of nonlinear second order ordinary differential equations
have been studied extensively. For a more recent account of the progress in
this area (in the framework of resonance and nonresonance problems), we re-
fer to the excellent monograph by A. Fonda [6]. Let us mention that when
the function g = 0, then the Fredholm Alternative type arguments describe
completely the structure of the solution-set for Eq.(1) once the existence and
isolation of the eigenvalue A; are shown. That is, if A\ # A1 (near A1), then
Eq.(1) is uniquely solvable for every h € L'(0,27). Otherwise, it is solvable
only for those h € L'(0,2n) that are orthogonal (in the sense of ‘duality pair-
ing’) to the eigenspace associated with A1, and the associated solutions can be
taken as large (in an appropriate norm) as one would like since solutions are
(uniquely) determined ‘modulo’ the associated eigenspace.

However, when g # 0 is a (genuine) nonlinearity, the structure of the
solution-set may be quite different from that of the linear problem. Therefore,
we are interested in the solution-set structure for the nonlinear problem (1) for
A in a neighborhood of A1, and the nonlinearity ¢ (which may be unbounded)
satisfies some asymptotic conditions. In particular, we are concerned with the
existence of multiple large-norm solutions.

Roughly speaking, in addition to a (fairly) general existence result (see
Theorem 3.1), our results state that as long as the nonlinearity g satisfies
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(asymptotically) a ‘sign-like’ condition, then when A is in an interval on one
side of the principal eigenvalue A1 (see Section 2 below), Eq.(1) has at least
two solutions, provided h is in an appropriate range (using the duality pairing)
which includes orthogonality. Moreover, as A\ — A; (strictly from one side),
the norm of these solutions become infinitely large, whereas all solutions with
A on the other side (of A1) are uniformly bounded. In this way, we locate
the solution-set and describe its behavior in terms of bifurcation from infinity
as the parameter X\ varies. Our asymptotic conditions include (very) ‘strong
resonances’ (see Theorem 3.2); ie., g — 0 as |u| — oo at A = Ay, and no
‘decay-rate’ at infinity is required; ‘weaker resonances’ (see Theorem 3.4) such
as the so-called Landesman-Lazer type conditions (i.e., g - 0 as |u| — 00); as
well as an asymptotic (‘one-sided’) oscillatory behavior (see Theorem 3.5); i.e.,
asymptotically g has infinitely many discrete-countable ‘bounce-off’ zeros in u.
We point out that the case when the nonlinearity ¢ is unbounded is included
in our results as well.

We use an abstract set up on appropriate spaces, establish a prior:i esti-
mates, and use a combination of degree theory (see e.g. Mawhin [10]), continu-
ation methods and Rabinowitz bifurcation from infinity techniques ([7, 12, 17,
18, 19, 20]) to prove our results. An important ingredient in obtaining the nec-
essary estimates is the use of comparison principles and estimates for the linear
problem obtained in Section 2 below (under somewhat weaker conditions than
those usually considered in the literature; particularly in the one-dimensional
case (see e.g. [3, 4, 16])).

Let us recall that some results on multiplicity or bifurcation from infinity
for nonlinear problems with periodic boundary conditions have been obtained
before under a different set of conditions (see e.g. [5, 6, 8, 12] and references
therein). However, our results are more in line with those in [12, 13] and
references therein; herein we consider a more general linear part and more
general nonlinearities.

We wish to mention that a systematic study of periodic solutions of (au-
tonomous) nonlinear differential equations with small parameters was initiated
by H. Poincaré in his celebrated treatise on celestial mechanics ([14]) in con-
nection with the three body problem (also see [11, 15]). Since then, a great
deal of work has been devoted to the study of periodic solutions of nonlinear
differential equations depending on parameters in many different directions;
especially using homotopy, continuation, as well as global methods (see e.g.
[6, 7, 10, 17, 18]). In the last fifty years Professor Mawhin has tremendously
contributed in an unparalleled way to the development of the theory of peri-
odic solutions of nonlinear differential equations; which most likely served as a
catalyst to his introducing the coincidence degree theory ([10]); an extension of
Leray-Schauder degree to nonlinear problems which cannot necessarily be writ-
ten as compact perturbations of the identity. It is with an immense gratitude
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that we write this paper on periodic solutions in his honor.

This paper is organized as follows. In Section 2, we consider the linear
problem and obtain the necessary comparison principles and estimates that
will be needed for the nonlinear problem. As indicated above, these results are
of independent interest in their own right. In Section 3, we give the general
assumptions on the data, state our main results for nonlinear problems, and
give some simple illustrative examples (for the reader’s convenience) along the
way. In Section 4, we cast the problem in an abstract setting and establish
the necessary a priori estimates for possible solutions. Finally, Section 5 is
devoted to the proofs of our main results. Remarks are included throughout
as appropriate, and a visual rendition sketch of a bifurcation diagram for a
‘bounce-off’ oscillatory nonlinearity is given in Section 3.

2. A general periodic linear eigenproblem and estimates

In this section, we consider the issue of comparison principle(s) and the ex-
istence of a (unique) principle eigenvalue for a general (i.e., not necessarily
symmetric) linear periodic problems with (possibly) unbounded coefficients.
We also obtain some estimates on the linear problem that will prove useful
when considering nonlinear problems.

Pick p € R be such that 1 > ¢o; which implies that p—c(x) > p—co > 0 for
a.e. z € (0,2m). Consider the (‘augmented’) linear differential operator defined
on W2'(0,27) by

Lyu=—u"—b(z)u" — c(x)u+ pu. (3)

We first set a(z) := el b(s) s and multiply L,u by the ‘integrating factor’
a(z). It follows that the operator L, is transformed into the linear differential
operator

S = — (a(@)u’) + aa) (1 — o(a))us (4)

which (despite its appearance) is not necessarily symmetric on VVIQD’I(O7 2m).
Observe that a pair (), @) with ¢ € W' (0,27)\ {0} is an eigenpair for the
eigenvalue problem
Lyu=\u (5)

if and only if it is also an eigenpair for the eigenvalue problem with weight
Suu = a(z)u. (6)

We shall show that the eigenvalue problem (5) has a (real) positive principal
eigenvalue with a positive (i.e., bounded away from zero) eigenfunction on the
closed interval [0,27], even when b,c € L(0,2m) are not necessarily locally
bounded (with ¢ bounded from above only), as indicated. We first investigate
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some properties of the linear differential operator L, on the space W;’I(O, 2m).
As a first result in that direction, we have the following order-preserving or
weak minimum/comparison principle.

PROPOSITION 2.1. Suppose that u € W;’1(0,27r) satisfies the differential in-
equality Lyu > 0 for a.e. x € (0,2m). Then v >0 on [0,27].

Proof. Let u € W2'(0,27) be such that L,u >0 for a.e. x € (0,27), by using
the ‘integrating factor’ a(z) := el v()ds it follows immediately that Suu >0
for a.e. x € (0,27); which implies that (a(z)u’)" < a(z)(p — c(z))u for a.e.
x € (0,2m).

Now, suppose that u(z) < 0 for some z € [0,2n], then u has a negative
minimum value in this interval, say at xy € [0,2n]. Therefore, there is a
neighborhood I := (z¢ — 8,0 + §) such that u(xg) < u(z) < 0 for all z € Is
and u/(zo) = 0, where we have used the continuity of u(z) and (possibly)
the 27-periodic extension of u if g is an end-point of the interval [0, 27]. It
follows that (a(z)u’)" < a(z)(u—c(z))u < a(z)(p—co)u < 0 for a.e. x € I5. The
Fundamental Theorem of Calculus immediately implies that a(x)u’ is (strictly)
decreasing in Is. Since u/(zg) = 0 (i.e., a(xo)u'(z9) = 0), we obtain that
a(x)u'(x) > 0 for x € (xg — 0, 2¢) and a(x)u'(x) < 0 for x € (zg,x0 + J); that
is, /() > 0 for = € (xg —J, xp); which implies that u(x) is (strictly) increasing
in (zg — d,2z0). This is a contradiction with the fact that u(xg) is a (negative)
minimum value of the function u. Therefore, u(z) > 0 on [0, 27], and the proof
is complete. O

This proposition immediately implies that A = 0 is not an eigenvalue of the
differential operator L, in Eq.(5), since any possible eigenfunction would be
identically zero in this case. We now want to show that A = 0 is actually in the
‘resolvent’ of L,; that is; to show that the equation L,u = e(z) has a (unique)
solution u € W§’1(0,27r) for every e € L'(0,27). For that purpose, we need
the following a priori estimate; which will be also useful in studying nonlinear
problems.

LEMMA 2.2. There exists a constant a := (b, ¢, ) > 0 such that

ILuul 1 gy = Oz|u‘w123)1 for alluw € W&'(0,27). (7)

(0,27)
Proof. Suppose the conclusion doe not hold. Then, there is a sequence (u,) C
W2'(0,27) \ {0} such that for all n € N one has that

|L#un|L1(0_27r) S E|un|W127’1(0,27r)'

Setting v, := un/\un|wz,1
P

all n € N, and that h,, — 0 in L'(0,27) as n — oo. By the continuous imbed-
ding of W2 (0,27) into C'h[0,27], one has that there exist a constant C; > 0

and L,v, = h,, we get that |vn|wz,1 =1 for
P

(0,2m) (0,27)
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. 21 .
) < Cy. Moreover, since Wz~ (0, 27) is
oL0,27]

(independent of n) such that |v,|
compactly imbedded into W},’l (0, 27), one has (by going to a subsequence rela-
beled (v,), if need be) that there is a function v € W, (0, 27) such that v, — v
in W};l(O, 27) as n — oo; which implies (for a subsequence similarly relabeled
if need be) that v, (z) — v(z) and v}, (z) — V'(z) for a.e. x € (0,27) (see e.g.
[1, Theorem 4.9]). Since |[b(x)v] (z)| < C1]b(z)| and |e(x)v,(z)| < Cile(z)| for
a.e. x € (0,2m), it follows from the Lebesgue Dominated Convergence Theorem
that b(-)v], — b(-)v" and ¢(-)v — ¢(-)v in L}(0,27) as n — oo. This and the fact
that v/ = —h,, — b(x)v], — c(x)v, + pv, imply that v/ — —b(z)v" — c(z)v + pv
in L'(0,27) with v, — v in W5'(0,27) as n — oo. The (strong) closedness
(see e.g. [1, p. 204, Remark4]) of the differentiation-operator from Wy (0, 2r)
into L'(0, 27) implies that v € W' (0,27) and that v, — v in Wp'(0,27) as
n — oo with v = —b(z)v" — ¢(x)v + po for a.e. x € (0,2); that is, L,v = 0 for
a.e. x € (0,2m). It follows immediately from Proposition 2.1 that v = 0. This

is a contradiction with the fact that |vn\w271(0 o = 1for alln € Nand v,, = v
P , 2T

in Wf;l(O, 27) as n — oo. The proof is complete. O

Since the linear operator L, : lep’l € L'(0,27) — L'(0,27) is compactly
and densely defined, takes bounded sets in W}%’l(O,Qw) into bounded sets in
L'(0,27) and is one-to-one (see Lemma 2.2), we claim that it is onto L' (0, 27);
i.e., L, is invertible on L'(0,27). In fact, one has the following existence (and
uniqueness) result.

LEMMA 2.3. For every e € L'(0,2n), the equation L,u = e(z) a.e. in (0,2m)
has a (unique) 2n-periodic solution u € W' (0,2r).

Proof. Uniqueness follows from Proposition 2.1 or Lemma 2.2. To prove exis-
tence, we use the topological degree theory by considering the homotopy

—u" + 0 (=b(x)u + (u— c(z))u) + (1 — 0)(u — co)u = e(x) a.e. in (0,27),

where 0 € [0, 1]. Notice that the homotopy reduces to the equation L,u = e(x)
when 0 = 1, and when # = 0 it reduces to the periodic linear differential
equation with constant coefficients —u” 4 (u—co)u = 0 on [0, 27|, where p—co >
0. It therefore suffices to show that all possible solutions to the homotopy are
(uniformly) bounded in W123’1(0, 27) independently of § € [0, 1]. Indeed, suppose
that this is not the case, then one can find sequences (u,) C W2 (0,27) \ {0}
and (6,,) C [0,1] such that for all n € N, |uy,| ,, > n and
wZt(0,2m)
ul = 0, (=b(z)ul, + (1 — c(x))un) + (1 — 0,) (1 — co)un, — One(x) a.e. in (0, 27).

Setting vy, := un/|un|w271 and using the fact that W' (0, 27) is continu-

P

ously imbedded into C'5[0,27] and compactly imbedded into W' (0,27), the

(0,27)
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Lebesgue Dominated Convergence Theorem, the closedness of the differentia-
tion operator, and arguments similar to those used in the proof of Lemma 2.2,
it follows that there exist v € W;’l(O, 27r) and 6y € [0, 1] such that (by going if
necessary to subsequences similarly relabeled) v,, — v in W}%’I(O, 2m), 60, — b
as n — 0o, and v satisfies the homogeneous linear equation

—v" = Opb(x)v" + Op(u — c(z))v+ (1 — 00)(pr — co)v =0 for a.e. in (0, 27).

Since 0ob € L1(0,27) and 0y(p — c(z)) + (1 — 6p) (1 — co) > — co > 0 for a.e.
z € (0,27), it follows from arguments used in the proof of Proposition 2.1 that
v > 0 and v < 0; that is, v = 0. This is a contradiction with the fact that
=1 forall n € N and v, — v in W2"(0,27) as n — co. The proof

[vn |
2,1
wit(0,2m)

is complete. O

Now, we wish to show that a strong minimum/comparison principle also
holds for the differential operator L, under the weak assumptions imposed on
the coefficient-functions b and c¢. That is, a strong positivity or strong order
preserving property holds for the second order differential operator L,,. (Some
techniques from [21] and periodicity prove useful here.)

PROPOSITION 2.4. Suppose that u € W£’1(0727r) satisfies the differential in-
equality L,u > 0 for a.e. x € (0,27) with uw # 0, then uw > 0 on the closed
interval [0,27]; that is u is positive and bounded away from zero on the whole
closed interval [0, 27], unless it is identically zero.

Proof. Since u € W2 (0, 2) satisfies the differential inequality L,u >0 fora.e.
x € (0,2m), one has immediately that S,u > 0 for a.e. z € (0,27). Moreover,
it follows from Proposition 2.1 that u(x) > 0 for all x € [0,2n]. Since u # 0 is
27-periodic, one has that either « > 0 on [0, 27| (in which case the conclusion
holds), or otherwise, one may assume (without loss of generality) that there is
a point zg € (0,27] such that u(xzg) = 0 and u(x) > 0 for all z € (zg — §,x0),
where § € (0,27) is a (fixed) constant; that is, the function u has a strict local
minimum at a point zo in a (deleted) left-neighborhood of xg; which implies
that u/(z9) < 0. Actually, the 2m-periodicity of u implies that u'(x¢) = 0
for otherwise one reaches a contradiction in the light of Proposition 2.1 (by
possibly extending the function u periodically if x¢g = 27, and hence xy = 0 as
well). Tt follows that a(zg)u'(z¢) = 0, and by using the Fundamental Theorem
of Calculus and (4), one has that u(z) = f;; u/(s)ds and that —a(z)u/(z) <

[2% a(s)(n — c(s))u(s)ds for all z € (zg — &, xp). This implies that —u/(z) <
v(x) <a0 f027r a(s)(p— c(s))ds), where v(z) = n[lax] u(s) > 0 and ap' =
s€|x,xo
%1121 | a(s). Therefore, by the Fundamental Theorem of Calculus again, one
s€|(0,27
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has that
2m
u(z) < (xg — x)v(x) (ao/o a(s)(p —c(s)) ds) for all x € (g — 0, 0).

For every n € N such that n > 1/6, let ,, € [zg — 1, z0) be a point such that

max u(s) := u(zy); which exists since the function u is continuous on the
[IO*;@’O]

compact interval [z — +,xo]. Given that [x,,zo] C [zo — =, ], it follows that
v(Zy) := max_u(s) = u(z,), and 0 < zg — z, < 1/n for all n € N such that

Tn,T0

n > 1/6. Therefore, by setting A := ag fOQﬂ a(s)(p — c(s)) ds, one has that
A A
0 < u(zy) < (2o — xpn)v(Tn)A < gv(mn) = Eu(:ﬂn) < u(zy)

for all n € N such that n > max(A,1/d). This is a contradiction. Thus,
u(z) > 0 on the closed interval [0, 27], and the proof is complete. O

Now, we let K := {u € H}(0,2m) : u > 0} C Hp(0,27) be the (solid) cone
with non-empty interior. Setting T, := L;' : L*(0,2r) — W3'(0,27) €
LY(0,27), it follows from Lemma 2.3 that (the scalar) zero is not an eigenvalue
of the compact linear operator 7}, : L'(0,27) — L'(0,27); although, it is
always in the spectrum of 7), (see e.g. [1, p. 164, Theorem 6.8]). Moreover,
due to Proposition 2.4, one can show that 7}, has a positive spectral radius
r = r(T,) > 0. By Proposition 2.1, one has that T,,(K) C K. Since (the
restriction) T, : Hp(0,27) — HL(0,2) satisfies all the assumptions of the
Krein-Rutman Theorem, it follows that r(T},) is a (real) positive eigenvalue
of T), with an eigenfunction ¢1 € K, ¢1 # 0. In addition, r(T};) = r(T,)
is also an eigenvalue of the adjoint 7; with an eigenfunction ¢7 € K* :=

{f € (Hp(0,27))" : f(z) > 0for allz € K} called the dual cone of K; which

in this instance is also a cone in (H;(O, 27r))* since one can easily show that
K*N(—=K*) = {0} by using the definition of K* and the fact that HL(0,27) =
K — K (i.e., the cone K “reproduces” the space Hp(0,27)).

Before proceeding, we want to make a few observations that will be needed
later on. First observe that ¢; € W;’1(0727r) since it is in the range of 7T},
(i.e., regularity of solutions). Also, notice that by using the (equivalent) inner

product (u,v) := f027r uw'v' dx + fo%(u — ¢(x))uv dx for all u,v € Hp(0,27) (or
simply the standard inner product), it follows from the Riesz-Fréchet Repre-
sentation Theorem (see e.g. [1, p. 135, Theorem 5.5]) that the Hilbert space
H}(0,27) may be (isometrically) identified with its dual; i.e., (H}(0, 27r))* =
H$(0,27)), and hence ¢} may be identified with an element of H}(0,27),
still denoted by ¢7 € Hp(0,2m) C L*(0,27). Furthermore, using the fact
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that the dual (L1(0,27r))* = L*(0,2m) by the Riesz Representation The-
orem (see e.g. [1, p. 99, Theorem 4.11]), one has that the duality pairing

()=, .>(Loo(0727r))7L1(072ﬂ)) implies that

27

* * def * * *
(L300 0) = (65, L)) (e 1000y = (O10) = [ )01 da

for all u € Dom(L,) = W2 (0,2r) C L'(0,27) (see e.g. [1, p. 44]); that is,

2 2w
(L,(91),uw) = (67, Lu(u)) = Y d:c+/ (1 — c(x))piudz
0 0
2m

- b(x)piu dx
0

for all u € Dom(L,) = W5 (0,2r). This type of identity holds true for Ly and
Ly as well (i.e., when pu = 0); it boils down to multiplying ¢7 € Hp(0,27) C
L>°(0,27) by Lo(u) for any u € W2'(0,27) and integrating over [0,2x]. (It
will be used repeatedly in the sequel.)

Now, under the weaker conditions imposed on the coefficients of the linear
operator L,,, it follows from Proposition 2.4 above and the (stronger version of)
the Krein-Rutman Theorem that ¢; is in the interior of the cone K and that
the corresponding eigenvalue is simple. However, by using the periodicity of
¢1 and the uniqueness of solutions to linear initial value problems, we present
below a shorter and simpler proof adapted to our specific situation since it also
allows us to get more information on the (‘dual’) eigenfunction ¢f. Indeed, we
have the following result.

PROPOSITION 2.5. The linear spectral problem
Lou := —u" — b(z)u' — c(x)u = Iu, ue Wy'(0,2n), (8)

has a real simple eigenvalue A\ with nonnegative eigenfunction ¢1 € I/V}Q,’I(O7 27)
which is actually positive; i.e., bounded away from zero on the whole closed
interval [0, 27]. Moreover, A1 is also a real eigenvalue of the adjoint operator
L§ of Lo with a nonnegative eigenfunction ¢7.

If, in addition, the coefficient b € ACp([0,2n]) = W5 (0,2m), then ¢} is
also positive on the closed interval [0, 27].

Proof. As above, we first consider the (‘augmented’) invertible linear operator
L, given by L,u = —u" —b(z)u' 4+ (1 — c¢(x))u whose inverse is denoted by T),.
Then, by the Krein-Rutman Theorem, the spectral problem T,,¢ = A¢ has a
(real) eigenvalue \ := r(T},) > 0 with a nonnegative eigenfunction ¢; as indi-
cated above. Applying L, on both sides, one deduces that L, ¢y = (r(T},)) "é1;
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which implies immediately that A; := (r(7},)) " — u is an eigenvalue of the op-
erator Lou := —u” — b(x)u’ — ¢(x)u with nonnegative eigenfunction ¢, and
that it is also an eigenvalue of the operator L§ with a nonnegative eigenfunction
¢5. Now, if there is 2y € [0, 27] such that ¢1(zg) = 0, then x is a minimum
point for ¢1, and hence (extending ¢, by 2m-periodicity if x¢ is a boundary
point) ¢}(zg) = 0 as well since ¢ € ng’l(O,Qw) C Ch([0,27]). Therefore,
uniqueness results for (Carathéodory) solutions (see e.g. [21]) to initial value
problems for second order homogeneous linear ordinary differential equations
with L1(0, 2)-coefficients (written as integral solutions to a first order system
and use of generalized Gronwall’s inequality on their norm) would imply that
the only solution to Lo¢1 — A1¢1 = 0 a.e. is given by ¢; = 0 on [0, 2x]; which
would contradict the fact that ¢; is an eigenfunction. Thus ¢; is positive (and
hence bounded away from zero) on [0, 27] as needed.

To show that \; is simple, let w € W;’1(0,27r) be an eigenfunction asso-
ciated with A;. Then, one has that Lo(¢1 + tw) = A1 (¢ + tw) for all t € R.
Since ¢, is positive on [0, 27] and w is continuous, it follows that for |t| small
one has that ¢; + tw remains positive on [0, 27], and that for some ¢ € R with
[t| large, ¢1 + tw does not remain positive on [0, 27] since w # 0. Therefore,
by continuity (and connectedness), one has that there is ty € R such that
(¢1 + tow)(z) > 0 on [0,27], and (¢1 + tow)(zy) = 0 for some zy € [0, 27|
with Lo(¢1 + tow) — A1 (é1 + tow) = 0 a.e. on (0,27). The above uniqueness
argument implies that (¢; + tow) = 0 on [0, 27]; that is, w = —t; ¢, and the
simplicity of A; follows.

If in addition b € ACp([0,27]) = W5 (0,27), then one has that (bp}) €
W};l(O,Qﬂ). Using integration by parts in the pairing, one has that ¢} €
HE(0,27) satisfies

2m 2m

2 2
Yo' de = —/ (bo}) u dx +/ c(z)pjudr + M\ diudx
0 0

0 0

for every w € Dom(Lg) = Wf;,’l((), 27), and hence in particular for every u €
C§°(0, 27); which implies that ¢7 € W21(0,27) by the definition of the Sobolev
space WH1(0,27) (see e.g. [1, p. 202]). Since (bv)’ = b'v + bv' € L1(0,27) for
every v € Wh(0,27) = AC([0,27]), and the (formal) adjoint linear operator
L§ is explicitly given by

Liv = —v" 4 (b(x)v)" — c(z)v = —v" 4 b(z)v" — (c(x) — V' (z))v,

it follows that L(¢%) — A1¢} = 0 a.e. on (0,27) with ¢t € W2 (0,27). The
nonnegativity of ¢} and the above uniqueness arguments can now be used to
show that ¢ is positive on the closed interval [0, 27]. The proof is complete. [

The following result will prove useful in obtaining a priori estimates for
possible solutions to some nonlinear periodic problems in subsequent sections.
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PROPOSITION 2.6. There exists a constant Ao > 0 such that for allp € L*(0,2m)
with 0 < p(x) < Ag and all u € W}%’l(O, 2m) satisfying a.e. the equation

u’ + b(x)u’ + e(z)u + Mu+ p(z)u = 0,

one has that either u =0 on [0,27] or [min] |u(z)| > 0 (i.e., u is either positive
0,27

or negative on [0,27] ).

Proof. Since u = 0 is a solution to the (homogeneous linear periodic) equation,

we may suppose without loss of generality that u € W5 (0,27) \ {0}, and we

claim that under the above assumptions one must have that [min] lu(x)| > 0.
0,21

Indeed, assume that the conclusion of the proposition does not hold. Then,
for every n € N there exist p, € L'(0,27) with 0 < p,(z) < 1/n a.e. and
u, € W(0,27) with |u,| = 1 such that min |u,(z)| = 0 and for a.e.

w2,1(0,27) 0,27

x € (0,27) one has that
ur + b(x)ul, + c(z)un + My, + po(z)u, = 0.

Using the fact that W2"(0,27) is continuously imbedded into C'h[0,27] and
compactly imbedded into W};l(O, 27), the Lebesgue Dominated Convergence
Theorem, the closedness of the differentiation operator, and arguments similar
to those used in the proof of Lemma 2.2, it follows (by going if necessary to
subsequence relabeled (uy,)) that there exist u € Wx'(0,27) \ {0} such that
up — u in W20, 27), Ul 2 g0, = 1) and w4+ b(x)u + e(z)u 4+ Au = 0.
Therefore, u is an eigenfunction associated with the simple eigenvalue A1, and
hence is proportional to ¢. Thus, it has one sign and is bounded away from zero
by Proposition 2.5; i.e., [IOnQin] |u(z)| > 0. This fact and the uniform convergence
, 2T

of uy, to win C%[0, 27] imply that there is ng € N such that for all n > ng one has
that [min} |un(2)] > 0. This is a contradiction, and the proof is complete. O
0,27

REMARK 2.7. Propositions 2.4 and 2.5 may be used (in conjunction with the
Krein-Rutman Theorem) to show that the eigenvalue A; is principal and unique;
i.e., it is the only (real) eigenvalue with a positive eigenfunction ¢; and one-
dimensional eigenspace (see e.g. [1]). Moreover, an analysis of the proof of
Proposition 2.1 and the result in Proposition 2.5 show that if A # A; is a real
eigenvalue of the spectral problem (8), then A > A;. Indeed, if A < A\; is an
eigenvalue of Eq.(8) with eigenfunction u € VV?,’I(O7 27); ie., Lou+ Au =0 a.e.
on [0, 2], then using the fact that ¢ is positive on [0, 27| and setting v := u/¢1,
one has that —Av = [¢1(-)] ' Lo(vey). Using direct calculations of Lo(vé:)
through the product rule for derivatives and collecting terms, it follows easily
that v € Wg’l(O, 27) satisfies a.e. the homogeneous linear differential equation



176 N. MAVINGA AND M. N. NKASHAMA

v +d(x)v" + (A= A1)v = 0 with A— Ay <0, where d(z) = b(z) 4+ 2¢} (z)/¢1(z).
Now, arguments similar to those used in the proof of Proposition 2.1 imply
that v > 0 and —v > 0 for all « € [0,2x]. That is, v = 0, and hence u = 0;
contradicting the fact that u # 0 is an eigenfunction.

3. Main results
From now on, we shall write the nonlinear equation (1) in the equivalent form

u’ 4+ b(z)u + e(z)u + Mu+ A+ g(z,u) = h(z) ae. in (0,27), (©)

u(0) — u(27) = ' (0) — u/(27) = 0,

where A1 € R is the principal eigenvalue obtained in Proposition 2.5, and the

parameter A € R will vary in a neighborhood of zero. Therefore, Eq.(1) is
equivalent to

Lu+ A+ g(x,u) = h(z) a.e. in (0,27), (10)

w(0) — u(2m) = u'(0) — u/(2w) = 0,

where the linear operator L : VVIQD’I(O7 2m) — L1(0,27) is defined by
Lu:=u" +b(x)u" + c(x)u + \u

for which the scalar A = 0 is the principal eigenvalue with associated (positive)
eigenfunction ¢. (Notice that A = 0 is also a principal eigenvalue of the adjoint
L* of L with associated nonnegative eigenfunction ¢ # 0.)

In this section we state our general assumptions on the nonlinearity g
and the function h. We assume that g : (0,27r) x R — R is an L'(0,2n)-
Carathéodory function which is sublinear at infinity in w, uniformly a.e. in
x, and satisfies ‘sign-like’ conditions. We also impose asymptotic conditions
on g and their relationship with the forcing term h. These conditions include,
among others, strong resonance conditions, Landesman-Lazer type conditions,
as well as oscillatory conditions. (Some results herein were motivated by [9].)

In addition to a (fairly) general existence result, we state our main results
on multiplicity of solutions (with large norms for A ‘small’) when A is in an
interval on one side of the first eigenvalue, and the existence of (at least) one
solution for A on the other side. The existence of a third solution (with a
somewhat ‘smaller norm’) is also discussed. Simple examples are provided to
motivate and illustrate the results.

As mentioned above, we specifically assume the following general conditions;
the first three of which refer to the nonlinearity g, whereas the last one relate
the nonhomogeneous term h to the asymptotic behavior of g and the null-space
associated with the eigenvalue A;.
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(C1) g(-,u) is measurable for all u € R, g(z,-) is continuous for a.e. z € (0, 27),
and for every r > 0 there is a function v, € L'(0,27) such that

lg(z,u)| <, (2), (11)

for a.e. x € (0,27) and all v € R with |u] < r.

x,u . . . :
(C2) lim 9(@,u) = 0 uniformly a.e. in z; that is, for every € > 0 there is a
|u|—o0 u

constant r. > 0 such that

lg(z,u)| <elu| for a.e. z € (0,27) and all u € R with |u| > r.. (12)

(C3) g satisfies ‘sign-like’ conditions, i.e., there are functions 4, B € L(0, 27)
and constants r < 0 < R such that

g(z,u) > A(z) for a.e. z € (0,27) and all u € R with u > R,
g(z,u) < B(z) forae. x € (0,2r) and all u € R with u <.

(C4) Moreover, we assume that the non-homogeneous term h € L'(0,27) sat-
isfies the ‘orthogonality-like’ conditions

2

2T
B(z)6% da < /0 nwyoide < | A@giar, (13

27

0

where as aforementioned ¢7 is the eigenfunction associated with the (prin-
cipal) eigenvalue A; through the dual linear operator.

Before taking up the issue of multiplicity of solutions and the behavior of
the solution-set, we first state an existence result for all A < Ag (where Ag
is given by Proposition 2.6), and establish uniform a priori bounds when the
parameter A lies in appropriate intervals around zero.

THEOREM 3.1. Assume that the assumptions (C1)-(C4) hold, then Eq.(9) (or
equivalently Fq.(10)) has at least one solution for every A € R with A < Ag.
Moreover, for 0 < X\ < \g, all solutions are uniformly bounded in W2(0,2m),
independently of \.

Recall that no multiplicity results occur for Eq.(9) when g = 0 and either
A< 0or 0 < A< )\, since the Fredholm alternative argument guarantees
uniqueness in this case. We claim that, by somewhat strengthening either
(C3) or (C4), we obtain multiplicity results and more importantly describe the
behavior of the solution-set. The first result is motivated by the fact that one
may allow the equality A(x) = B(z) for a.e. x € [0, 27] in the assumption (C3).
We would like to point that, in this instance, multiplicity may occur only for one
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value of A; more precisely at A = 0 (even if g # 0), with the bifurcation branches
in the (A, |u|_)-plane being only (semi-infinite) straight line rays located on
the vertical |u|_-axis. It suffices to consider any (nonlinearity) g such that
g(x,u) = 0 outside a rectangular region [0,27] x [-R, R]. Indeed, for A = 0,
it is easily seen that the function defined by u; := t¢; is a solution to Eq.(9)
for every t € R that is such that [ [Iglzin]{dn(x)} > R; provided h = 0 of

course. Actually an analysis of the proof of the above existence result (or more
precisely, the multiplicity results obtained below) indicates that, provided h is
such that f027r h¢i dx = 0, A = 0 is the only parameter-value for which large
solutions exist, and the bifurcation from infinity branches are (semi-infinite)
straight line rays on the |u|ec-axis in the (A, |ul_, ,, )-plane, as described
above. Therefore, the bifurcation from infinity parameter-interval collapses to
just one-point interval {\} = {0}.

For the rest of the paper, we will be interested in nonlinearities g that
satisfy a sign-like condition and that are not identically null outside a compact
u-interval in R. In the following result we strengthen somewhat the condition
(C3) by requiring strict inequalities (on subsets of 9 of positive measure)
while still retaining the condition (C4).

A simple example to keep in mind here is the (continuous) function g given
by g(z,u) :=n, (z)(1+u?)~! for u> R > 0 and g(z,u) := —n_(2)(1 +v?)~*
for u < —r < 0, where ny € C%[0,2n] are nonnegative functions which are
positive on subsets of [0,27] of positive measure, or a non-bounded coun-
terpart g(z,u) := Jusin®(u) £ na(x)(1 + u?)~'. Here, A = B = 0 and
fo% h¢idx = 0 by (C4). Notice that for the bounded case lim g(z,u) =

|u|—o00

0 and ‘ llim ug(z,u) = 0 on 0N, whereas for the unbounded counterpart
Uu|— 00

liminf g(x,u) = 0 = limsup g(z,w) and liminf ug(z,u) = 0 = lim sup ug(x, u);
u—00 U——00 U—00 U——00

that is, no (linear) decay ‘rate’ at infinity is required. Thus, the terminol-
ogy (asymptotic) ‘very’ strong resonance. Observe also that the so-called
Landesman-Lazer condition (see below) fails since one has equality in (C4);
however, we are able to ‘locate’ and ‘describe’ the solution-branches. The fol-
lowing result is an extension of the main result in [13] to more general linear
operators and more general nonlinearities (also see Remark 3.3 below).

THEOREM 3.2. Assume that conditions (C1)-(C2) are met, and that (C3) holds
with strict inequalities on subsets of [0,2m] of positive measure; that is, there
are functions A, B € L*(0,27) and constants r < 0 < R such that

g(xz,u) > A(z) for a.e. x € (0,27) and all u € R with u > R,
g(x,u) < B(x) fora.e. x € (0,2m) and all u € R with u <,

Then, provided (C4) holds, there is a constant A_ < 0 such that, for every
e € (0,]A_]), Eq.(9) has at least two solutions, denoted (A\l,u:) and (A7 ,v:),
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with —e < A\¥ <0 and

Elir(r)l+ min{|u5|cﬂ([o,2ﬂ)’ |vE|CO([O,27r])} =%

that is, they bifurcate from infinity since )\si —0ase— 0T,

Moreover, for 0 < X\ < Xg, all solutions (which exist by Theorem 3.1) are
uniformly bounded, independently of X. Therefore, bifurcation from infinity
occurs only (strictly) to the left of the eigenvalue \1. (In some sense, the
‘strong resonance’ conditions ‘bend’ the bifurcation branches.)

REMARK 3.3. An analysis of the proof of this result will show that the con-
ditions on the nonlinearity g may be replaced by the (slightly) more general
(integral) conditions

27 2
/ g(x,u)¢p] dx > / A(z)¢i dx  for all u € R with u > R,
0 0

27

2m
/ g(x,u)p] de > B(z)¢y dz  for all uw € R with u < R;
0 0

which are in particular fulfilled if the coefficient b € ACp([0,27]) = W' (0, 2n),
and

g(x,u) > A(z) for ae. z € (0,2m) and all u € R with u > R,
with strict inequality on a subset of (0,27) of positive measure,
g(x,u) < B(xz) for a.e. x € (0,27) and all v € R with u < r,

with strict inequality on a subset of (0,27) of positive measure,

since, in this instance, the conditions on the coefficient b imply that the eigen-
function ¢7 is (strictly) positive on the interval [0, 27] by Proposition 2.5.

In the following result we strengthen a little bit the condition (C4) by re-
quiring strict inequalities while keeping (C3) as given. This is the so-called
Landsman-Lazer type condition; which has been widely considered in the liter-
ature (see e.g. [6]). Again, a simple example to keep in mind here is the (contin-
uous) function g (independent of z) given by g(u) := ¢/u sin®(u) + 7+ tanh(u)
for |[u] > R > 0 where 74 are positive numbers with n_ < n,. Notice that

liminf g(u) = n+ and limsup,_, . g(u) = —n—. The following result is an
U— 00

extension of the main result in [12] to more general linear operators and more
general nonlinearities (at least as far as periodic solutions are concerned).

THEOREM 3.4. Assume that (C1)-(C3) hold and that

27

2 2
/ g @lde < [ h(z)é)dr < / 0, (@)} de, (14)
0 0 0
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where g, (v) := liminf g(x,u) and g_(x) := limsup g(z, u).
uU—00 uU——00

Then there is a constant A_ < 0 such that, for every e € (0,|A_|), Eq.(9)
has at least two solutions, denoted (\X,u.) and (A\I,ve), with —e < A\X < 0
and

i min {Juc [0l o) | = 0

that is, they bifurcate from infinity since \X — 0 as e — 07.

Moreover, for 0 < X\ < Xg, all solutions (which exist by Theorem 3.1) are
uniformly bounded, independently of \. Again, bifurcation from infinity occurs
only (strictly) to the left of the eigenvalue \;.

Now, we take up the case when the nonlinearity g may have (asymptoti-
cally) infinitely many (discrete-countable) zeros (i.e. a sign-like condition with
‘oscillation’). In this instance, we strengthen a little bit the condition on the
coefficient function b. Therefore, for the sake of clarity, we first state the result
for the case when A = B = 0; which again implies that the condition (C4)
is equivalent to saying that fo% h¢idx = 0. The function to keep in mind
here is for instance g(x,u) = n,u"'sin®(u) for |u| > R > 0 where 1, are
positive numbers, or an unbounded counterpart g(z,u) = 7, /u sin(u) for
|u] > R > 0. Therefore, we consider functions which satisfy a sign condition,
vanish asymptotically at discrete-countably many points going to infinity, and
have a strict sign in-between them.

THEOREM 3.5. Let the coefficient b be such that b € ACp([0,2r])=Wx"(0,2n).
Assume that conditions (C1) and (C2) are met. Suppose there are sequences
of real numbers 0 >> 1y, > rgy1 — —00 and 0 << Ry < Rg41 — 00 as k — oo
such that for all k € N,

g(z,7) =0 and g(x,Rx) =0 forae. x € (0,27) and

g(z,u) >0 for a.e. x€(0,2m) and all u € R with Ry, < u < Rj11,
g(z,u) <0 fora.e. € (0,2m) and all u € R with 141 < u < 1.

27

Then, provided h is L'(0,27) with / h¢idx = 0, there is a constant
0
A_ < 0 such that, for every ¢ € (0,|\_]), Eq.(9) has at least two solutions,

denoted (AT, u.) and (AT ,v.), with —s < A\X < 0 and

El_i}r([)h min{|u5|00([o,2w])’ |UE|CO([0,2«])} =00
that is, they bifurcate from infinity since \X — 0 as e — 0%,

Moreover, for 0 < A < Ay, all solutions (which exist by Theorem 3.1) are
uniformly bounded, independently of A. Therefore, bifurcation continua from
infinity occur to the left of the eigenvalue \;.



BIFURCATION AND MULTIPLICITY FOR PERIODIC BVP 181

A visual rendition sketch for the case when g is as in the above example is
given below. (For example, g(z,u) = n u~"'sin®(u) when |u| > R with ¢ = 0
and h =0.)

A
\u\cg([o,zm

Figure 1: Bifurcation diagram in the case of a ‘bounce-off’ oscillatory nonlin-
earity.

REMARK 3.6. (Existence of a third solution) Let us mention that by using a
consequence of the Leray-Schauder Homotopy Continuation Theorem or the
so-called Wyburn Lemma (see e.g. [8, 12, 13, 10]), one can show that there
is A= < 0 with \_ < X" such that for every ¢ € (0,|A"|), one has a third
solution w, in Theorems 3.2 and 3.4. (The (uniform) bound of these third
solutions could for instance be twice the uniform a-priori bound obtained for
all solutions in the homotopy.)

REMARK 3.7. Let us finally point out that one can reverse the inequalities in
the conditions (C3)-(C4) appropriately to get results similar to all the ones
above. In which case, multiplicity and bifurcation from infinity occur (for A in
a nontrivial interval) to the right of A; only, whereas solutions are uniformly
bounded on bounded A-intervals to the left of A\;. The reader can easily carry
out the details.
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4. Abstract Setting and a prior: Bounds

In this section we formulate the problem (9) in an abstract setting. We then
proceed to establish a priori bounds in W?21(0,2x) for all possible solutions.
For that purpose we define the linear operator

L:Wp'(0,27) € C°([0,27]) € LY(0,27) — L'(0,27) by

Lu :=u" +b(x)u' + c(x)u + \u,

where W2'(0,27) € C°([0, 27]) denotes the compact imbedding of W2 (0, 27)
in C°([0,27]) (see e.g. [1]). Next, we define the nonlinear (Nemytskii) super-
position operator

N :C°([0,27]) — L*(0,27) by Nu=g(-,u()).
Eq.(9) is then equivalent to
Lu+ M+ Nu=h, ueDom(L):=Wz"(0,2n). (15)

Now, we shall establish an a priori bound for all possible solutions of Eq.(9)
or equivalently Eq.(15).

PROPOSITION 4.1. Assume that the assumptions (C1)—(C4) hold true. Let \g €
R with A\g > 0 be a fizred constant given in Proposition 2.6. Then, there is
a constant Ry := Ro(A\g) > 0 such that all possible solutions of Eq.(9) (or
equivalently Eq.(15)) with 0 < A < X\ satisfy

< Ry.

‘u|w2,1(012ﬂ) —

That is, all possible solutions of Eq.(15) are (uniformly) bounded in W*(0, 27)
independently of X, provided 0 < XA < Ag.

Proof. Suppose that all (possible) solutions in W}%’l(072ﬂ') are not uniformly
bounded in W?1(0,27). Then, there are sequences {\,} C (0, \o] and {u,} C
W20, 27) with |un|W2,1<0 »my = n for all n € N such that

ulr + b(z)ul, + c(x)uy + My + Aty + g(x,u,) = h(z)  ae. in (0,27). (16)

Letting vy, := wuy/|un] one has that |v,| =1, and v, €

W20, 2) satisfies

w2,1(0,2m)’ w2,1(0,27)

v+ b(2)v), + c(x)vy + Avn + A, + 9@, un)
|un|wz,1(o,2ﬂ)
h
= @) e i (0,27). (17)
n

w2,1(0,27)
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Notice that, by the fact that the function g is L!(0, 27)-Carathéodory and the
sublinear growth condition (12) with ¢ = 1 e.g., one has that the sequence

g("“"('))/|u”|w2,1(o.2w)} is bounded in L'(0,27) since there is a function
y1 € LY0,27) such that £g(x,u)| < |u] + 11 (x) for a.e. x € (0,27) and all
u € R. Therefore, since W5 (0, 27) is continuously imbedded into Ch ([0, 27]),
there is a constant Cy > 0 (independent of n) such that

196, wn(@)/ltn] sy <[00 @I+ @) a0, < Crtim @], (18)

[b(z)v, (x)] < C1|b(z)], and |e(z)v,(x)] < Clgc(x)| for a.e. z € (0,27) and all
n € N. Moreover, since A, € (0, \] and W5 (0,2n) is compactly imbedded
into W5 (0,27), one has (by going to subsequences relabeled ({\,} and {v,},
if need be) that there exist a number g € [0, Ag] and a function v € W4 (0, 27)
such that X\, — po and v, — v in Wp'(0,27) as n — oo; which implies (for
a subsequence similarly relabeled if need be) that v,(z) — v(z) and v/, (z) —
v'(z) for a.e. z € (0,27) (see e.g. [1, Theorem 4.9]). By using the first inequality
in (18), we deduce that g(x,un(x))/|un|w2,l<0,2ﬂ) — 0 asn — oo for ae x €
(0,27) where v(z) = 0. Observe that u,(z) = oo if v(z) > 0 and u,(z) = —oc0
if v(x) < 0. Therefore, for a.e. x € (0,27) such that v(z) # 0, (considering n
sufficiently large if need be) we write the quotient g(x,un(x))/|un|w2y1(0,27r) in
the form

gz un(2)) (g(x,unu))

|| Uy, () )1}71(35)_”)'11(%‘)=0a5n_>oo7

w2:1(0,27)
by the sublinear condition (C2). Thus, in either case one has that the sequence
g(x,un(m))/|un|w2,1(ov2ﬂ) — 0 as n — oo for a.e. z € (0,27). By the Lebesgue
Dominated Convergence Theorem, it follows that b(-)v!, = b(-)v, ¢(-)vn, — (- )v
and (- un(-))/ltnl 214, — 0in LY(0,27) as n — oc.

Now, by using Eq.(17), we deduce that v — —b(z)v — c(x)v — Ajv —
pov in L'(0,27) with v, — v in Wp'(0,27) as n — oo and o € [0, Ao].
The (strong) closedness of the differentiation-operator from W};l(O,27r) into
L'(0,2n) implies that v € W2'(0,27) and that v, — v in Wr'(0,27) as
n — oo with v = —b(z)v" — c(z)v — Av — pov for a.e. z € (0,27); that is,

Lv + pov = 0. (19)

It follows from Proposition 2.6 that either v(z) > 0 on [0,27] or v(z) < 0 on
[0, 27] since |v] = 1. Using the duality pairing (see e.g. [1]), we get
that

w2,1(0,27)

21 21
0= (Lv + pov, %) = (0, L*(6}) + o / v} dz = prg / v} dr,
0 0
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since ¢7 is an eigenfunction of the adjoint L* associated with the eigenvalue
zero. This implies that pp = 0 since ¢} is a nonnegative eigenfunction and
|[v(x)| > 0 on [0,27]. Therefore, Lv = 0; i.e., v = t¢; for some real constant
t # 0 since \; is simple.

In what follows, we assume without loss of generality that v(xz) > 0 on
[0,27]; i.e., ¢ > O (the case v(x) < 0 can be treated in a similar way). This
implies that there is a constant €y > 0 such that v(z) = t¢1(z) > € for all
x € [0, 27] since the eigenfunction ¢ of L is (strictly) positive on [0, 27].

Since v, — v uniformly on [0, 27], one has that u,(-) = U"(')‘un|wz,1(0,2,{)
oo uniformly on [0, 27]. Therefore, there exists ng € N such that for all n > ng
one has that

up(z) > R for all z € [0, 27], (20)

where R > 0 is the constant given in the assumption (C3). Now, using again
the duality pairing in Eq.(16), we deduce that (Lu, + Apu, + Nuy, ¢F) =
2T « . 7 1% 2T * 27 * 2 *
Iy hetdzs e, (un, L*(67)) +An [y un®t dz+ [ g(z,un)d} de= [ hei dz.
Since 0 < A, < Ag, it follows from Eq.(16), the inequality (20) and the
assumption (C3) that for each n > ny,

27 27 27
0> —)\n/ un @] dr = / g(z,u,) @] do — / h(z)¢7 dx
0 0 0

2 27
> A(z)¢1 do — h(z)7 du;

0 0

that is,
27

2
/ h(zx)py dx > A(z)¢] dx;
0 0
which is a contradiction with the second inequality in the assumption (C4).
Therefore, all possible solutions of Eq.(9) (or equivalently Eq.(15)) are (uni-
formly) bounded in W?21(0,27) c C°([0, 27]) independently of ), provided that
0 < A < Ag. The proof is complete. U

Let us mention that a similar result holds for all A negative (and bounded
away from zero). More precisely, we have the following uniform a priori bound.

PROPOSITION 4.2. Let ag, o; € R be (fized negative) constants such that —oo <
ag < aq < 0. Suppose that the assumptions (C1)-(C2) hold. Then, there exists
a constant Ry := Ro(ag, 1) > 0 such that all possible solutions of Eq.(9), with
ag < X < aq, satisfy

[u[w2.1(0,2r) < Ro-

That is, all possible solutions of Eq.(9) (or equivalently Eq.(15)) are (uniformly)
bounded in W%(0,27) independently of X, provided that cy < A < ay < 0.
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The proof is similar to the one above up to Eq.(19) where now g € [ag, a1].
However, since a; < 0, it follows that ug < a1 < 0 is in the resolvent of L
(see e.g. the second part of Remark 2.7), and hence v = 0 on [0, 27]. This is a
contradiction with the fact that |v[ ,, (0.2my = 1. Therefore, all possible solu-
tions of Eq.(15) (or equivalently Eq.(9)) are (uniformly) bounded in W21(0, 27)
independently of A, provided that ag < A < ;. The proof is complete.

5. Proofs of main results

In this section we prove the main results by using the topological degree theory,
continuation methods and bifurcation from infinity techniques. We first prove
the existence part of the results, and then proceed to show multiplicity and
bifurcation.

Proof of Theorem 3.1. First we consider the case when A > 0 is fixed. Picking
0 € R such that 0 < § < Ag, and following the notation of the previous section,
we consider the homotopy

Lu+ 0u+0[(A—d0)u+ Nu] =60h, ue Dom(L), (21)

where 6 € [0, 1); which, when 6 = 0, reduces to the homogeneous linear problem
Lu + du = 0 that has only the trivial solution; for otherwise, Proposition 2.6
and an argument similar to that used after Eq.(19) would imply that § = 0.
Since the linear operator L + 01 defined by L 4 41 : Wf;l(O7 2m) — L'(0,2m)
is bounded, one-to-one and onto (see e.g. the arguments used in the proof of
Lemma 2.3), it follows that (21) is equivalent to the fixed point homotopy

uw=0(L+06I)" (6= NIu—Nu+h), ucDom(L). (22)

Therefore, by the compactness of the imbedding W' (0, 27) into L'(0,27) and
the topological degree theory (see e.g. [10]), it suffices to show that all possible
solutions of the homotopy (22) are bounded in W?%(0,27), independently of
6 € [0,1), in order to conclude that Eq.(22) has at least one solution for § =1
as well.

Indeed, observing that 0 < (1 — 60)J + A < max{\,d} < Ag for 0 < 6 <
1, it follows from Proposition 4.1 that all possible solutions of Eq.(21) (or
equivalently Eq.(22)) are (uniformly) bounded in W?21(0,27) independently
of § € [0,1). This proves the first part of Theorem 3.1. The second part of
Theorem 3.1 follows readily from Proposition 4.1.

To prove the existence of at least one solution for A < 0 (fixed), we consider
the homotopy (21) where § < 0 and now 6 € [0,1]. (Notice that § = 1 is
included here.) Observing that ag := min{\,§} < (1—-0)§+0X < max{\,0} :=
ay < 0 for 0 <0 <1, it follows from Proposition 4.2 that all possible solutions
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of Eq.(21) (or equivalently Eq.(22)) are (uniformly) bounded in W?2(0,27)
independently of § € [0,1]. The existence of at least one solution for each
0 € [0,1] follows from topological degree arguments as above. (It should be
noted that Assumptions (C3)—(C4) do not matter when A < 0, at least as far as
the existence of at least one solution is concerned.) The proof is complete. [

Now, we take up the issue of multiplicity and bifurcation (from infinity) of
solutions for A “near” zero; actually A to the left of zero as it will be seen.

Proof of Theorem 3.2. We first show that all possible solutions of Eq.(15) are
(uniformly) bounded in W' (0,27) when A = 0 as well; that is, the conclusion
of Theorem 3.1 actually holds true for all A € [0, \g]. Indeed the proof is
similar to that of Theorem 3.1 except that we consider the homotopy-parameter
6 € [0,1]. Therefore, it suffices to show that all possible solutions of the
homotopy (22) are bounded in W#!(0,27) for # = 1 and A = 0 as well. For
that purpose, we follow the arguments in the proof of Proposition 4.1 with
A = 0 up to the inequality (20). Now, using the duality pairing with the
eigenfunction ¢f in Eq.(16) (recall that # = 1 and A = 0), and the fact that ¢}
is an eigenfunction of L*, it follows from Eq.(16), the inequality (20) and the
(stronger) assumption on the functions g and A in Theorem 3.2 that for each
n = ng,

2w

2 27 27
0— /0 o2, un) % d — /0 hetde > [ A@)g)de - /O W) da

that is,

0

27 2m
/ h(zx)pT dx > / A(z)o] d.
0 0

This is a contradiction with the second inequality in the assumption (C4).
Hence, all possible solutions of Eq.(15) are (uniformly) bounded in W' (0, 27)
for A = 0 as well. Thus, in this case, one gets the boundedness of all possible
solutions in WIQD’l(O, 2m) as in Proposition 4.1.

Now, we proceed to look into the situation regarding multiplicity and bifur-
cation from infinity. As in the proof of Theorem 3.1, we let 6 € R be sufficiently
small such that 0 < § < Ag, and observe that Eq.(15) is equivalent to the fixed
point equation

w= (=N (L+60) " u— (L+6)" ' (Nu—nh).
Setting
pi=08—X\ Hu:=(L+56)  vand Ku:=—(L+35I)"" (Nu—h),
it follows that the above fixed point equation is equivalent to the equation

u= pHu + K(u), u € C%([0,27]). (23)



BIFURCATION AND MULTIPLICITY FOR PERIODIC BVP 187

Notice that Eq.(23) has now an abstract form considered e.g. in [17] for bifur-
cation from infinity purposes. From this setup, it follows that, when A = 0, the
constant ;! = §~! is the principal eigenvalue of H and that, by the compact
imbedding of W' (0, 27) into C%([0, 2]), the solution-map

H:= (L4607~ : C%([0,2n]) = W' (0,27) < C%([0,2n))

is a compact linear operator when considered as an operator from C%([0, 27])
into C%([0, 27]). Since by the Carathédory condition (C1) the superposition op-
erator N : C%(]0,27]) — L*(0,27) (defined by N (u) := g(-,u(+))) is continuous
(by e.g. using Lebesgue Dominated Convergence Theorem) and h € L*(0, 27),
one has that N(-) + h maps C%([0,27]) continuously into L'(0,27). Therefore

K : C%([0,27]) = W2(0,21) < C%([0,2n))

is a completely continuous mapping when viewed as a nonlinear operator from
C%([0,27]) into C%([0, 27]).

Now, we wish to show that K(u) = o(|ulc (j0,2x))) @ [ulco (o,2x)) — 00
Let us set w = K(u) for u € C%([0,2n]); that is, w € Wp'(0,27) satisfies
the operator equation (L + 6I)w = —N'(u) + h for u € C%([0,27]). By the
arguments similar to those used in the proof of Lemma 2.2, there is a constant
Cy > 0 (independent of u) such that

|w] < C1 (|9, u()| L1 (0,27) + Bl L1 (0,27)) - (24)

w2027
Using the sublinear growth condition (C2), we first proceed to show that the
real-valued function |g(-,u(-))|z1(0,2r) is @ o([ulco (jo,2x))) @ |ulco,(j0,247) — 0©-
Indeed, let € > 0 be given, it follows from the Carathéodory condition (C1)
and the sublinearity assumption (C2) that there exist a constant 7. > 0 and a
function a. € L'(0,2) \ {0} such that for every u € C%([0,27]) one has

9 9
90z, u@)] < Shu(@)] < Sluleg qoany  ae. where Ju(@)| 2 1.,

and
lg(x,u(x))] < |ac(x)| a.e. where |u(z)| < re.

Picking R. := R(¢) > 2|a:|r1(0,2x)/¢, it follows that for |u[co (j0,24)) = R- one
has

196D a0y /oo 10201 < (25)
This shows that for every € > 0 there is a constant R. > 0 such that the
inequality (25) holds provided \u|cg([072,r]) > R.; that is, [g(-,u(-))|z1(0,27) =
o(lulco (j0,247)) as |ulco (j0,247) — 00; Which by using the inequality (24) implies

that |wlwz10,27) = o(|ulco,o,2n))) @8 [ulco(j0,247) — 0. Since w20, 2r7)
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is continuously imbedded into C%([0,27]) and w = K(u), it follows that
|K (W)l o9, 10,241y = o([uleo j0,207)) for [uloo j0,24]) — 005 as needed.

Therefore, A = 0 is a bifurcation point from infinity since all assumptions of
the bifurcation from infinity result are fulfilled (see e.g. [17, p. 465, Theorem
1.6 and Corollary 1.8], also see [20, 2]); that is, there exist two connected
sets of solutions C*, C~ C R x C%([0,27]) with CT™ NC~ = @ which are such
that for every (sufficiently) small e > 0, CT NU. # 0, C~ NU. # 0 where

U. = {(/\,u) e R x C%([0,27]) : |A| <&, [ulco,(0,20)) > 1/5}. (Observe that,

by the regularity of solutions, u € VV123’1(O7 27) since it is a solution of the fixed
point equation (23).)

Now, since all 27-periodic solutions are uniformly bounded in W?2(0, 27)
for all A € [0, Ag] (see Proposition 4.1 and the above bound in the case A = 0)
and for all A € [ag, 1] with ay < 0 (see Proposition 4.2), there then exists a
deleted left-neighborhood of 0 in R; i.e., there is A_ < 0, such that for every ¢ >
0 with € < |A_|, there are two distinct solutions (A}, u.) € CT and (A7, v.) €
C~ with —e < A\f < 0, u. # v. and min{‘ue‘co([ogﬂ-]), |v€|00([072ﬂ)} > 1/e.
Letting g — O+, it follows that )\g: — 0 and min{\u5|(;0([0,2ﬂ]), |UE|CO([0,27r])} —
oo. The proof is complete. O

Proof of Theorem 3.4. As in the proof of Theorem 3.2, we first show that all
possible solutions of Eq.(15) are (uniformly) bounded in W?2:1(0,27) when A =
0 as well; that is, the conclusion of Theorem 3.1 actually holds true for all
A € [0, \]. As before, the proof is similar to that of Theorem 3.1 except that
we consider the homotopy-parameter 6 € [0,1]. Therefore, it suffices to show
that all possible solutions of the homotopy (22) are bounded in W?2(0,27)
for # = 1 and A = 0 as well. For that purpose, we follow the arguments
in the proof of Proposition 4.1 with A\ = 0 up to the inequality (20). Now,
using the duality pairing with the eigenfunction ¢f in Eq.(16) and the fact

that ¢7 is an eigenfunction of L*, it follows from Eq.(16) that for each n > nyg,
2m 2m
0= / g(z,u,) o] dm—/ h¢7 dz. The inequality (20), the assumption (C3),

0 0
and Fatou’s lemma imply that

2m 27
0 =lim inf/ g(x, un)p] do — / ho? dx
0 0

n— oo
27 2 27 27
> [ tmint g, uoids - [ hotde= [ gi@oide~ [ hotds
o "7 0 0 0
27 27
that is, h¢y dx > / 9+ (2)@] dx. This is a contradiction with the second
0 0

inequality in the assumption (14) of Theorem 3.4. Therefore, all possible solu-
tions of Eq.(15) are (uniformly) bounded in W?21(0,27) for A = 0 as well. One



BIFURCATION AND MULTIPLICITY FOR PERIODIC BVP 189

can now can proceed as in the proof of Theorem 3.2 to establish multiplicity
and bifurcation from infinity. The proof is complete. O

Proof of Theorem 3.5. As in the above proofs, we analyse more carefully the
behavior of all possible solutions of Eq.(15) (or equivalently Eq.(9)) when A = 0.
We first show that all possible non-constant solutions of Eq.(15) are (uniformly)
bounded in W?21(0, 27) when A = 0. For that purpose, we follow the arguments
in the proof of Proposition 4.1 with A = 0 up to the inequality (20) with w,, #
cst for all n > ng and R = R; is the first element of the sequence {Ry},~,
given in the statement of the theorem. Now, using the duality pairing with

the eigenfunction ¢7 in Eq.(16) and the fact that ¢7 is an eigenfunction of
2m

L*, it follows from Eq.(16) that for each n > ng, 0 = / g(x,u,)@] de. By

using the (strict) positivity of the eigenfunction ¢ (see %’roposition 2.5), the
inequality (20) which implies the non-negativity of g(-, u,,(+)) by the assumption
in the theorem, we get that g(-, u,(-)) = 0 a.e. on [0, 27]. This is a contradiction
with the positivity assumption on g in the theorem since u,, # constant for all
n > ng (i.e., un # Ry for some k). Thus, all possible non-constant solutions of
Eq.(15) where A = 0 are (uniformly) bounded in W2(0,27). However, in this
instance, large (in norm) constant solutions might occur in Eq.(15) when A = 0.
The above argument shows that if they do occur, then they must necessarily be
elements of the sequences { Ri} or {r;} of real numbers given in the statement
of the theorem (for k large enough).

Since the sequences { Ry} and {ry} are discrete sets, and the continua C*
and CT are connected, we deduce as in the proof of Theorem 3.2 that there
exists a deleted left-neighborhood of 0 in R; i.e., there is A_ < 0, such that for
every € > 0 with ¢ < |A_|, there are two distinct solutions (AF,u.) € CT and
()\E_,UE) € C~ with —e < )\;t <0, ue # ve, min{|U5|CO([072ﬂ—])7 ‘U5|C0([0,27r])} >
1/e. It follows that AT — 0 and min {|uc|co(o,2x)), [Ve|co(o.22))} — o0 as
e — 0. (Notice that these continua could ‘connect’ to the discrete set of large
constant solutions, if any; i.e, oscillate on the left of A = 0 and ‘bounce-off’
theses discrete constant solutions as e — 0!) The proof is complete. O

REMARK b5.1. As indicated above, with the coefficient b € ACp([0,27]) =
W113’1(0,27T), we may replace the condition A = B = 0 in Theorem 3.5 by a
(slightly) more general condition where B < A are possibly nonzero constants.
In this case, in addition to assuming that the conditions (C1), (C2) and (C4)
are met, we suppose that there exist sequences of real numbers 0 >> ry >
rg+1 — —oo and 0 << Ry < Ryg41 — 00 as k — oo such that for all k € N,

g(z,rg) =B and g(z,R;)=A forae. ze€(0,2m) and

g(z,u) > A for a.e. x € (0,27) and all u € R with Ry < u < Rgy1,
g(xz,u) < B for a.e. x € (0,27) and all u € R with rp11 < u < ry.
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That is, the (bounce-off) oscillations of the nonlinearity occur with respect to

2m

the constants A and B. Observe that the condition / h¢i dr = 0 is now

0
replaced by the more general condition (C4). The proof is similar to that of
Theorem 3.5.
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