|. Evaluating a double Summation

2D Xip(X, Yi)
X Y
Y\x 0 1 yWw 0 1
0 P00 P01 P(Y=0) 0 18 18 14
1 P@0 P@1l) PX=1) 1 3/8 38 34
P(X=0) PX=1) 12 12

First sum over Y

DD Xip(Xi,Yi) = [0 p(0,0) + 0 p(1,0)] + [1 % p(0,0) + 1  p(1,0)]
Xi Vi

=[0x1/8+0x%3/8]+[1x1/8+1x 3/8]
= [0 V2] +[1x* 12]

This gives the marginal probabilities of X so we're left with

D Xip(Xi) = [0* 1/2] + [1 * 1/2] to be summed over

DD Xip(Xi,Yi) = 5
Xi Yi

|1.Using the Standar dized normal table

1. Find area between 0 and 1.



tablefor z=1.0p(0< z< 1.0) = .341
area between 0 and -1 also=.341
2. Find area between 0 and -2
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tablefor z=2.0p(0< 2 < 2.0) = 477 =0< z< -20

note=+ 2p(0< z < 1.0)

3. Find area between -2 and 1

p(-2< z< 1.0) =p(0< z<1.0) +p(0< z< 1.0) = 477+ .341 = .818
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4. Find areato right of +1

p(1< 2) =p(0< 2) p(0< z< 1.0) butp(0<z) = .5=.5-.341
5. Find areato the left of z

p(z< 2) =p(z< 0) +p(0< 2 < 2.0) = .5+ .477 = 977
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6.Find area between +1 and +2
p(1<z< 20) =p(0< z< 20) —p(0<z< 1.0) = 477-.341 = .136
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|11.Estimating the Population Variance from the Sample Variance

We will show below that the sample variance is a biased estimator of the population variance and then that the correction for degrees of
freedom, which transform the sample variance to s? yields an unbiased estimator of the population variance.

First we develop a useful identity.

> (Xi — u)? can be rewritten by adding and subtracting X to the term in parenthesis

D Xi—mw)? = Y (Xi— X+ X—p)®
= DX = X)X =)’
= DL =3)"+20% = X)X = ) + (X = )* ]
= D (Xi = X)* + 20X = X)(X = ) + (X - )



Since X and u are constant and can be factored out of the 3 and since 3 | of aconstant=n * constant. Then note
DXi—-X) =2 Xi-nX=nX-nX=0
so the second term vanishes.

D X=w)® =D (X =X)* 2K =) D (Xi = X) +n(X = )® = D (Xi = X)* + n(X— p)
We can al'so rearrange wizth equation so:
2 (Xi=X) = 22(X= )" = n(X - p)
Now let us examine the expected value of the sample variance.
X; — X)? _ _ _

E|:—Z( —%) J LE[Y i -%?] = FE[ DX - m)? - n(X - )]
F 20 ElX = m))* - nE[ (X - )]
Since the expected values of a sum of random variablesis the sum of the expected values of the variables.

Note that the first term expected value is just the expression for the variance of x and the second term expected value isjust the
expression for the variance of X (recalling that E(X) = u. So

R veY 2
E|:Z(><IT><) :| = 1 ( E GX nGX) = (nGX n(r)]-X ) = 6)2( n ﬁ 1
ZCXi X)° B Z< " n
Thus =——— isabiased estimator by the amount If however we multiply =-7—— by ;- and take the expected value, we get
X=X’ X -X)* —1
o BN one |- g EE |- Rt - o
SOS)Z( Z(X' X> n Z(X' )‘()2

isan unblased esti mator of the populatl on variance.
E(S}) = o2




