| .Expected Values

Denote the expected value of the function g(xi) as E[g(Xi)].
E[g(xi)] = Zi_w g(xi)p(xi) where p(x;) isthe probability of the occurrence of the value x;.
Consider the data set below, indexing Y values on i, and observation numbersonj. Then j=1,...,10i=1,2,3,4,5
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Let assume that the relative frequencies f(Yi)/N in the data above reflect the relative population frequencies and therefore the
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Yi  f(Y)IN p(Yi) Yiep(Yi) Yi—E(Y) [Yi-E(Y)]* [Yi—EY)]?+p(Yi)

1 = 1 1 -2 4 4
2 2 2 4 -1 1 2
probabilities. The data can be presented asfollows: 3 il 4 12 0 0 0
4 = 2 8 1 1 2
5 = 1 5 2 4 4
Total 13 1 30 1.2
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D Viep(Y) = (1% .1)+(2%.2)+ (3% 4)+ (4% 2)+ (5x.1) = 3=E(Y)

DIYi—EMIZep(Y) = (4% 1)+ (1 .2)+ (0% 4) +(1.2)+ (4% .1) = 1.2 = E[Yi - E(Y)]?

|I.Expected Values of Sum of Random Variables

let Zj = Xj + Y

E(Z) = B +Y)) = 2, 3,04+ YDp(X, i) = 2, 3, 04)p6GY) + 2, 30, Yip(XiY))

Consider D Zy(Xj )P(X;Y;) =recall evaluating double summations that summing the joint probability p(X;Y;) over Y; yieldsthe
marginal probability of X;,p(X;) (Summing down columns or across rows)

So summing over Y, 3 (X)P(X, Yj) = 2., (X)P(X))

likewise for 3° (Y;)p(X;, Y;) summing over X; gives 3 (Y;)P(X;, Y;) = 22 (Y)P(Y})

Thus

E(Zj) = E(Xj +Y)) = 22,(X)pX) + 22, (Y)p(Y;) by definition of E()

[11. Variance of Sum of Random variables

Let Z=X; +Y; E(Z) = ECX+Y))



Var Z=var(X; + Yj) = 25, 37 [(% +Y)) = ECX + Y5)1%p( V)
using E(Xj + Yj) = E(X) + E(y)

var(X +Y)) = DD [+ Yy) — E(X + YD 1PpOGY)
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Recalling that

DD X = EX)ZpXY)) = D (X - E(X))2p(X)) = o2

X oy X

DD G —EY))2OGY)) = D (Y - E())2(Y)) = o
X y X

D D% = ECD)CY; — E(Y)POKYi) = oy

y

var(Xj + Yj) = 02+ 05 + 20y
if x,y independent, o,y = 0, and var (X +Y)) = 0% + 67
Let Z=X; - Y, E(Zj) = ECXj - Y))

var(X; = Y) = DD 1% - ) — E(X = YD 1PpOGY)

X oy

= DD I = EX)) = (Y5 — E(Y;) 1P Y)
X oy

= D D% — EC) 2 = 206 — ECG)(Y; — E(Y)) + (Y5 — E(Yi)2IpOX i)
X oy

= 0%+ 05— 20y

if x,y independent, o, = 0, and var (Xj - Y)) = 0% + 63



